Gauge dependence of on-shell and pole mass renormalization prescriptions 
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We discuss the gauge dependence of physical parameter's definitions under the on-shell 
and pole mass renormalization prescriptions. By two-loop-level calculations we prove for the 
first time that the on-shell mass renormalization prescription makes physical result gauge 
dependent. On the other hand, such gauge dependence doesn't appear in the result of the 
pole mass renormalization prescription. Our calculation also implies the difference of the 
physical results between the two mass renormalization prescriptions cannot be neglected at 
two-loop level. 

PACS numbers: ll.lO.Gh, 12.15.Lk 

I. INTRODUCTION 

The conventional on-shell mass renormalization prescription has been present for a long time. 



It renormalizes the real part of particle's inverse pro 
boson the on-shell mass renormalization condition is 



jagator to zero at physical mass point. For 



— mg + -ReS(m^) = . 



(1) 



where mo is the bare mass and S is the boson's diagonal self energy (for vector boson it is the trans- 
verse diagonal self energy) . But recently people proposed a new mass renormalization prescription 
which renormahzes both the real and the imaginary parts of the particle's inverse propagator to 
zero at the (complex) pole of the particle's propagator, i.e. [s, 4| 



s — uiq + S(s) = . 



(2) 



where s is the pole of the particle's propagator. Written s = m% — im2T2, m2 is defined as the 

Q nn 

m- 



physical mass of the particle 



Putting the expression of s into Eq.(2) one has [3, 4] 



1712 ~ "^0 + ^i^) — ' "^2 r2 = Im $](s) 
By expanding Eqs.(3) at s = one readily has (see Eq.(l)) [s, 4| 



(3) 



m-m2 = T2lmT.'{mi)/2 + Oig'') 



(4) 
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where ^'(mg) = dTi(m'2) / dp^ and g is <l generic coupling constant. For unstable boson the r.h.s. 
of Eq.(4) is gauge dependent Q, Q]. So A. Sirlin et al. claim that the on-shell mass definition m 
of unstable particles is gauge dependent, since the pole mass definition m2 is gauge independent 

But the conclusion that the pole mass definition m2 is gauge independent has been proposed 
for not very long time. We still need to search new and stricter proofs to prove this conclusion. 
In this paper we will discuss if the pole mass definition is gauge independent and investigate 
the difference of physical result between the on-shell and pole mass renormalization prescriptions. 
The arrangement of this paper is as follows: firstly we discuss the gauge dependencies of the 
counterterms of gauge boson W and Z's mass and the sine of the weak mixing angle under the 
on-shell and pole mass renormalization prescriptions; then we discuss the gauge dependence of the 
two-loop-level cross section of the physical process /x — > u^e~i>(, under the two mass renormalization 
prescriptions; Lastly we give the conclusion. 



II. GAUGE DEPENDENCIES OF PHYSICAL PARAMETER'S COUNTERTERMS 
UNDER THE ON-SHELL AND POLE MASS RENORMALIZATION PRESCRIPTIONS 

The gauge invariance of Lagrangian always requires the bare physical parameters are gauge 
independent. The natural deduction of this conclusion is the counterterms of physical parameters 
should also be gauge independent [tI, since the bare physical parameter can be divided into physical 
parameter and the corresponding counterterm, and the physical parameter is of course gauge 
independent. This criterion could be used to judge which mass renormalization prescription is 
reasonable, in other words which mass definition is gauge independent. In the following we will 
discuss the gauge dependence of the counterterms of gauge boson W and Z's mass and the sine 
of the weak mixing angle under the on-shell and pole mass renormalization prescriptions. For 
convenience we only discuss the dependence of W gauge parameter in the gauge, and we 
only introduce physical parameter's counterterms (i.e. we don't introduce field renormalization 
constants). The computer program packages FeynArts and FeynCalc [8[] have been used in the 
following calculations. Here we note there are some early two-loop-level calculations about the 
massive gauge boson's self energies in Ref.[9|]. 

From Eqs.(l,3) one has for massive gauge boson [IC 

5ml = ReY.^{ml) + m2T2lmY.^'{ml)+0{g^), (5) 
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where denotes the transverse self energy of the gauge boson. The one-loop-level mass coun- 
terterms of W and Z have been proven gauge independent So we only need to discuss the 
two-loop-level case. Firstly m and 7112 should be regarded as equal quantities, since both of them 
are regarded as the physical mass of the same particle. Therefore we find the two-loop-level 
difference of the two mass counterterm is mVIml]^' [m^). Every part of this term contains gauge- 
parameter-dependent Heaviside functions (which come from the one-loop- level ImT,^' 3|, l4|). So in 
order to discuss the difference of the gauge dependence of the two mass counterterms we only need 
to calculate the gauge dependence of the singularities of the two-loop-level Re'E^{m'^), because 
only the singularities of ReT?^{m?) in ReT?^{m?) contain Heaviside functions. In other words for 
our purpose we only need to discuss the gauge dependence of the part which contains Heaviside 
functions of the two mass counterterms. 

The two-loop-level self energies can be classified into two kinds: one kind contains one-loop- 
level counterterms, the other kind doesn't contain any counterterm. Since except for CKM matrix 
elements Ul] all of the one-loop-level counterterms of physical parameters are real numbers and 
don't contain Heaviside function Q], the first kind self energy doesn't contribute to the singularities 
of the real part of the self energy, because except the one-loop-level counterterm the left part of this 
kind self energy is an one- loop-level self energy which real part doesn't contain singularities. Here we 
don't need to worry about the problem that the CKM matrix elements and their counterterms are 
complex numbers, because the total contribution of them to the real part of the gauge boson's self 
energy is real number (the correctness of this conclusion can be see from the following calculations). 
So we only need to calculate the contributions of the second kind self energy. 

According to the cutting rules 121] the second kind self energy can be classified into three kinds: 
one kind doesn't contain singularity, the second kind contains singularities, but its singularities 
don't contribute to the real part of the self energy, the third kind contains singularities and its 
singularities contribute to the real part of the self energy. The topologies of the three kind self 
energies are shown in Fig.l, Fig. 2 and Fig. 3. Here we note the middle propagator (denoted by 
broken line) in the one-particle-reducible diagrams of Fig. (1-3) is different from the external- line 
particles. The tadpole diagrams are also included in Fig. (1-3), because we don't introduce the 
tadpole counterterm 

Obviously we only need to calculate the contribution of the singularities of Fig. 3 to the real 
part of the gauge boson's self energy. In Fig. 3 we also draw the possible cuts/singularities of the 
first four topologies which contribute to the real part of the gauge boson's self energy (the arrow 



on the inner line denotes the corresponding propagator is cut 



12]). The possible cuts of the left 
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FIG. 1: Topologies of the two-loop- level self energy which lacks counterterm and singularity. 

two topologies which contribute to the real part of the gauge boson's self energy are shown in Fig.4 
and Fig.5. 

A. Gauge dependence of W mass counterterm under the two mass renormalization 

prescriptions 

In the standard model of particle physics the first topology of Fig.3 doesn't contribute to W 
transverse self energy, so we don't need to calculate its contribution. For the second topology 
of Fig.3 there are 39 Feynman diagrams in the standard model, but none of them satisfies the 
corresponding cutting condition. The case of the third topology of Fig.3 is same as the case of the 
second topology. For the 4th topology of Fig.3 there arc two W self energy diagrams as shown 
in Fig. 6 which satisfy the corresponding cutting condition. Using the cutting rules we obtain the 
gauge-parameter-dependent contribution of the cuts of Fig.6 to the real part of W transverse self 




Q 
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FIG. 2: Topologies of the two-loop- level self energy which lacks counterterm and its singularities don't 
contribute to the real part of the self energy. 
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FIG. 3: Topologies of the two- loop-level self energy which lacks counterterm and its singularities contribute 
to the real part of the self energy. 




FIG. 4: Possible cuts of the 5th topology of Fig. 3 which contribute to the real part of the self energy. 
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FIG. 5: Possible cuts of the 6th topology of Fig. 3 which contribute to the real part of the self energy. 
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FIG. 6: W self energy diagrams which satisfy the 4th topology of Fig. 3 and the corresponding cutting 
condition. 



energy 



yy—CUt 



2 2 

(1 - M^iCw - - QCw - 46^^/ + leSCvy + 465) ^[1 - Cw] , (6) 



where '^^/\y is W transverse self energy, mw and is Ws mass and gauge parameter, a is the fine 
structure constant, 9 is the Heaviside function, and the subscript (,w-cut denotes the ^vK-dependent 
contribution from the cuts/singularities. In the follows we restrict ourselves to > {4]. 

For the 5th topology of Fig. 3 there are 14 W's self energy diagrams as shown in Fig. 7 which 
are ^ly-dependent and satisfy the cutting conditions of Fig. 4. After careful calculations we obtain 
the gauge-parameter-dependent contribution of the cuts of Fig. 7 to the real part of W transverse 
self energy: 



ReT, 



WW 



[^w)kv 



2^2 



am 



-cut 



W 



128s 



[ - (wf{xf +Xi-2) e[mi - y/^mw] 



t=e,fi,T 



1 



+ T2~'^w(^~^wf Xi{xi - Cw)'^ 0[^/^mw - ini]0[l - ^w] 

^W i=e,^,T 

+ 3 ^ Y —\yij\'^{^w -Xi + Xj)Aij Bij Cij e[mi - ruj - \f^mw] 



i=u,c j=d,s,b 



Xi 



7 







FIG. 7: ^vK-dependent W self energy diagrams which satisfy the 5th topology of Fig. 3 and the cutting 
conditions of Fig. 4. 



+ 3 ^ ^ — \Vij\'^{(,W - Xj + Xi)Aij Bij dj 6[mj - mi - y/^mw] 

i=u,c j=d,s,b ^ 

+ -^sl{l-CwfYl E \yij\'^i^w{xi + xj)-{xi-Xjf)Cij 

i=u,cj=d,s,b 



(7) 



where Sw is the sine of the weak mixing angle, Xi = mf/m'yy, Xj = mj/m^^, Vij is the CKM matrix 



element 



and 



Aij = \j{xi- XjY - 2{xi + Xj) + 1 

-^ij — 2 ~t~ Xj ) (x^ Xj ) , 



Xj)'^ - 2^w{xi + Xj) + 



(8) 



For the 6th topology of Fig. 3 there are 53 W self energy diagrams as shown in Fig. 8 which are 
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^VK-dependent and satisfy the cutting conditions of Fig.5. We will calculate the contributions of 
the five cuts of Fig.5 one by one. Firstly we obtain the gaugc-parameter-dependent contribution 
of the first cut of Fig.5 to the real part of W transverse self energy: 

^ i=u,cj=d,s,b i=e,ij,,T 

X (1 - ^w){ew - ^^w - 11)^[1 - ^w] - ^^(1 - 

Then we obtain the gauge-parameter-dependent contributions of the second and third cuts of Fig.5 
to the real part of W transverse self energy: 

(y^ TT\^ r 1 



w 



+ 3^ Y —\Vij\^{iw-Xi + Xj)AijBijCije[mi-mj-^/^m 

i=u,c j=d,s,b ' 

+ 3 ^ X] — tI^uPI^W' - Xj + Xi)Aij Bij Cij e[mj - rrii - sf^mwX 

i=u,cj=d,s,b ^ 

+ J-4(l - Cwf Y E \^ij\H^w{xi + Xj) - {xi - Xj f) Cij 

i=u,cj=d,s,b 

X d[\^mw -rui- rrij] e[l - ^w] ■ (10) 

Lastly we find the gauge-parameter-dependent contributions of the 4th and 5th cuts of Fig.5 to the 
real part of W transverse self energy are same as those of the second and the third cuts of Fig.5 
(this point can be seen from the symmetries of the four cuts). 

Summing up all of the above results we obtain the gauge dependence of the singularities of 
the real part of W two-loop-level transverse self energy (see Eqs.(6,7,9,10) and the corresponding 
discussions) 



i2eE^^(m2,)|^^_e„t = -^^[3 X E \y^J\' B,, + ^ (l-x.)=^(2 + : 



. Xi] 

i=u,cj=d,s,b i=e,iJt,T 

X {i-iw){ilr-'^^w-n)e[i-^w]- (11) 



From Eq.(5) one finds Eq.(ll) is just the gauge dependence of the part containing Heaviside 
functions of W mass counterterm under the on-shell mass renormalization prescription. So Eq.(ll) 
proves the W mass counterterm of on-shell mass renormalization prescription is gauge dependent. 
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FIG. 8: ^vi'-dependent W self energy diagrams which satisiy the 6th topology of Fig. 3 and the cutting 
conditions of Fig. 5. 
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In order to discuss the gauge dependence of W mass counterterm of the pole mass renormal- 
ization prescription we calculate the term (see Eq.(5)) 

2 2 

DiOS..,, -* 

X {i-^w){fw-'^^w-n)0[i-^w]- (12) 



Combining Eq.(ll) and Eq.(12) one gets (see Eq.(5)) 

^"iT^wl^w-cut = under pole mass renormalization prescription. (13) 

This result indicates the part containing Heaviside functions of W mass counterterm of the pole 
mass renormalization prescription is gauge independent. 

B. Gauge dependence of Z mass counterterm under the two meiss renormalization 

prescriptions 

Similarly as the case of W gauge boson We only calculate the gauge dependence of the part 
containing Heaviside function of the real part of Z two-loop-level transverse self energy. The 
topologies of Z two-loop-level self energy needing calculated have been shown in Fig. 3. 

For the first topology of Fig.3 only the diagram whose middle propagator (denoted by the broken 
line) is photon contributes to Z transverse self energy. After careful calculation we obtain the (^w- 
dependent contribution of the cut of the first topology of Fig.3 to the real part of Z transverse self 
energy 

i?eS|^(m|)|5^_c„t 

2_2 3 



am 



w 



6912 c6 4 



(1-44^1^)3/2 _(i_4c2^H^)3/2 + 8(3(4c2 -3) ^ +2(8^-5)^ 



i=e,fi,T i=u,c 



+ (44-1) 5] )yr:74^(24x, + i)l^[-3--2v/6^] + :^^z?£; 



i=d,s,h 

3 s,,, _ _ 3 



X 



DE^^{l-Acliwf'^-mK-^) E +2(84 - 5) ^ +(44 - 1) E) 

i=e,n,T i=u,c i=d,s,b 

^l-Aclxi {2clxi + l)]e[— - -I], (14) 



where mz is Z mass, Cyj is the cosine of the weak mixing angle, and 



D = yji^w - l?ci - 2{^w + 1)4 + 1 , 

E = i^w- 1)'4 - 2(ew' - 5)4 + 1 . (15) 
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For the second topology of Fig.3 there are four Z self-energy diagrams as shown in Fig.9 which 
satisfy the corresponding cutting condition. By the cutting rules we obtain the ^vi/-dependent 




FIG. 9: Z self-energy diagrams which satisfy the second topology of Fig.3 and the corresponding cutting 
condition. 



contribution of the cuts of Fig.9 to the real part of Z transverse self energy : 

- {iw - l){Hw - ^^w - 29ev^ + lOl^w^ + 366)4 

+ (3e^ - ml, - 22ew + - 93)4 - 

+ + ^iw - im— - - 1] • (16) 

For the third topology of Fig.3 there are also four Z self-energy diagrams as shown in Fig. 10 
which satisfy the corresponding cutting condition. Obviously Fig.9 and Fig. 10 are right-and-left 




FIG. 10: Z self-energy diagrams which satisfy the third topology of Fig.3 and the corresponding cutting 
condition. 



symmetric. Through calculations we find the ^vF-dependent contribution of the cuts of Fig. 10 to 
the real part of Z transverse self energy is just equal to that of Fig.9. 

For the 4th topology of Fig.3 there arc six Z self-cncrgy diagrams as shown in Fig. 11 which 
satisfy the corresponding cutting rules. After careful calculations we obtain the ^vK-dependent 
contribution of the cuts of Fig. 11 to the real part of Z transverse self energy: 

+ ^^J^w - l)'cif - Q{£,w - Ifi^l^ + IHw + 22)4^ 
+ 3(4h/ - ifimw + 65Cv^ + mw + 201)4° 



13 




W G 



W G 




W G 
W G 



FIG. 11: Z self-energy diagrams which satisfy the 4th topology of Fig. 3 and the corresponding cutting 
condition. 



- 2(45^^ + 46?i^ - 228^^ - 150^^/ + 415)ct 

+ 3{40^ly - 19^^ - 98^w + 109)4 - 6(15^^/ " 17^1^ - 12)^;! 



+ (36«„-35)<i-61el-!--\/6;-ll--25 



+ 3(4^^ + 19^^ - 32^^^ - 3)ci - 3(9^^ - 10^^ - 8)c, 
+ (18^^ - ll)c2 - 3] e[— - - 1] . 



(17) 



For the 5th topology of Fig.3 there are 84 Z self-energy diagrams as shown in Fig. 12 which 
satisfy the cutting conditions of Fig.4. After careful calculations we obtain the ^ly-dependent 
contribution of the cuts of Fig. 12 to the real part of Z transverse self energy: 



+ 



—cut 



2^2 



am 



w 



192 



DE[ J2 {l-Xif{2 + Xi) + 3Yl E \VijfAijBij]e[—^V^-l] 



i=e,ix,T 



i=u,cj=d,s,b 



o?rr? 



64 4 

2^2 



=u,cj=d,s,b 



Xi 



64 

'^W *W) 



2 /-/i„2 



2^2 



+ 



am 



w 



192 4 *4 



(4c^ - 1) E E 1^ C'iJ ^1-440;^ (Cw^ -Xi + Xj) 



i=u,cj=d,s,b 



V; V; dj 




W W G G 



Ui Ui Vi V; 
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FIG. 12: Z self-energy diagrams which satisfy the 5th topology of Fig. 3 and the cutting conditions of Fig. 4. 
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(4c4 - 1 + c4(8c4 - ll)xi) e[mi - ruj - ^/^mw] 



X (2c^ + 1 + cl{Acl - 7)xj) 9[mj - rrii - \/^mw] ■ (18) 

For the 6th topology of Fig.3 there are 124 Z self-energy diagrams as shown in Fig. 13 which are 
dependent and satisfy the cutting conditions of Fig.5. We will calculate the contributions of 

the five cuts of Fig.5 one by one. Firstly we obtain the ^^^-dependent contribution of the first cut 

of Fig.5 to the real part of Z transverse self energy: 



2^,2 



am 



w 



-(l-4c2 e^)3/2[3 + ( ^ 24-l + 4(44-5)a;, 



576 

+ E 44 -1 + 4(84 E 24 + l + 4(4c?K-7)xi 



=d,s,b 
,,2^2 



X ^1 - 4 4 X, ] - 2 + " ZJ V^l - 4 cUm/ 

Cy, 110/ Cjj, 

X [4(Ciy - l)24w.ci? + (44^ - 17^^ + 46Ch/ - 1)4 



+ (4^^ + 55^^ - 20^w - 11)4 - i^^w + 42^w^ - 6)4 

+ {6^w + 7)c^-l]e[—-V^-l] 

Cw 

+ [^^^^ " + ^^^^ " ^^'^^^ + ^^^^ + 

- 3(^1^ - If {4^^ + 85^^ + 58^w^ + 141)4° 

+ 6(5e^ + 74^^ - 144e^ - 50^w - 13)4 

- (40^^ + 411^2^ - 798^w - 581)4 + 6(5?^ + 31^^^ - 42)4 

,,2^2 



3(4^H^ + ll)c^ + 2] - ^ - 1] + ^^-^D E 

Cru ZOO C,,, 5,,, 



X [3 + ( E (24 - 1 + 4(44 - 5)xi) + E (44 - 1 + 4(84 - ii)^i) 

i=e,^i,T i=u,c 

+ ^ (24 + 1 + 4(4c?t. - 7)xi))^l-iclxi] e[^-^-l]. (19) 

i=d,s,b ^ 

Then we obtain the ^w^-dependent contribution of the second and third cuts of Fig.5 to the real 
part of Z transverse self energy: 

—cut 



-DE[ E (l-Xi)2(2 + x,) + 3 E E \Vij\''A,jBi,\e[—-^-l] 



i=e,iJ,,T i=u,cj=d,s,b ^ 



18 



G G 

H f-^ 



TG 



AG 



Vi 



TG 



. G 




Z 



V; 




G 

G^^V>«_ 



G «+ 



. G 




G 



«>-!■■>«- 



M+^...f..^U+ 

1 H 





20 




21 



G 



W 



w 






22 






FIG. 13: ^ly-dependent Z self-energy diagrams which satisiy the 6th topology of Fig. 3 and the cutting 
conditions of Fig. 5. 



2^2 



am 



w 



1536 cl 



- i^w - 1) mlv - - + lOl^w^ + 366)c; 



+ (3e^ - 10^^ - 224^ + 17Q^w - 93)4 - + '^iw + ^iw - 18]^[— - - 1] 



128 4 

3 a^m^r 
128 



i=u,cj=d,s,b 



X e[ 2y/^] e[y/^mw -rrii- rrij] + 



2^2 



am 



w 



128 



(2c^ - 1) 



—\Jl -4:cl,Xi {xi - ^wf{2cl, - 1 + c^(4c^ - 5)xj) 6'[mj - V^^^w^] 

i=e,ix,T * 



i=u,cj=d,s,b 



r.2 

2^2 



am 



i=u,cj=d,s,b 

X (24 + 1 + 4(^4 - ^["^j - - VCw-'tivk] ■ 



3844, 54 



(20) 



Prom Fig.5 one readily sees the 4th and 5th cuts are right-and-left symmetric with the second and 
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third cuts. After careful calculations we also find the ^^-dependent contribution of the 4th and 
5th cuts of Fig.5 to the real part of Z transverse self energy is equal to that of the second and third 
cuts of Fig.5. 

Summing up all of the above results wc obtain the gauge dependence of the part containing 
Heaviside functions of the real part of Z two-loop-level transverse self energy (see Eqs. (14-20) and 
the corresponding discussions) 



i?eSi^(m|)|g 



Hr—CUt 



2^2 



am 



w 



1728 c6 si 



9 + 3 Vl-44a;i (IGx^ + (8 - 24x^)4 + {Ixi - 12)c^ + 5) 



t=e,fi,T 



+ y/^-'^clxi (64xi 4 + (32 - 80xi)ci + {7xi - 40)4 + 17) 



+ Y Vl-44 xi(16xi 4 + 8(1 -Xi)4- (17x^ + 4)4 + 5) 

i=d,s,b 

X [2DEe[—-V^-l]^^il-4cl - 2v^] ] . 



(21) 



This result proves that the part containing Heaviside functions of Z mass counterterm is gauge 
dependent under the on-shell mass renormalization prescription, i.e. the Z mass counterterm is 
gauge dependent under the on-shell mass renormalization prescription. 

In order to calculate the gauge dependence of Z mass definition of the pole mass renormalization 
prescription we need to calculate the following term (see Eq.(5)): 



-cut 



2^2 



am 



w 



1728 44 



9 + 3 Y V 1 - 4 4 (16xi 4 + (8 - 24xi)ci + {7xi - 12)4 + 5) 



i=e,iJ,,T 



+ ^ ^1 - 4 4 (64xi 4 + (32 - 80xi)4 + " 40)4 + 17) 



+ J2 ^1 - 4 4 (16^i (i + 8(1 - Xi)ci - {17xi + 4)4 + 5) 

i=d,s,b 

X [^(1-44 ^wf/^e[— - 2^] -2DEe[—-^/^-i]]. 



(22) 



From Eq.(5) and Eqs. (21, 22) we get the gauge dependence of the part containing Heaviside func- 
tions of Z mass counterterm under the pole mass renormalization prescription: 



5m 



z\iw—c'"'t 







under pole mass renormalization prescription . 



(23) 
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C. Gauge dependence of the counterterm of the sine of the weak mixing angle under the 

two mass renormalization prescriptions 

From the two-loop- level W and Z's mass counterterms we can calculate the two- loop-level coun- 
terterm of the sine of the weak mixing angle. To two-loop level one has 



2sw m| rr^ 2s^ m| m| Ss^^ 



% So 



The one- loop-level W and Z's mass counterterms have been proven gauge independent 
we only need to calculate the gauge dependence of the first term of the r.h.s. of Eq.(24). From 
Eqs.( 11,21) we obtain the gauge dependence of the part containing Heaviside functions of the 
two-loop-level bs^ under the on-shell mass renormalization prescription 



9 + 3 J2 V 1 - ^ 4 (^6^* (i + {8- 2Ax,)ci + {7xi - 12)4 + 5) 



i=e,fi,T 



+ ^ J 1 - 4 c2, (64xi 4 + (32 - 80xi)ct + {Jx,, - 40)4 + 17) 



+ J2 Vl-4c2 Xi(16xi4 + 8(l-x,)4- (17x,+4)4 + 5) 

i=d,s,b 

X [2D Ee[— - - 1] - ^(1 _ 44 Cwf/^0[— - 2v^] ] 

C«) 

+ i^[3E E \yij^'A,,B,,+ y: (i-x.)^(2+x.); 

^ i=u,c j=d,s,b i=e,fi,T 

X {1 — ^^^r){^^r — 2S^w — 11) 0[1 — S^w] under on— shell prescription. (25) 

Eq.(25) implies 5su, is gauge dependent under the on-shell mass renormalization prescription. On 
the other hand, from Eqs. (13,23) we obtain the gauge dependence of the part containing Heaviside 
functions of the two-loop-level Ssw under the pole mass renormalization prescription 

^Swl^w-cut = under pole prescription. (26) 

III. GAUGE DEPENDENCE OF PHYSICAL RESULT UNDER THE ON-SHELL AND 
POLE MASS RENORMALIZATION PRESCRIPTIONS 

From the results of section II we have found the counterterms of W and Z's mass and the sine of 
the weak mixing angle are gauge dependent under the on-shell mass renormalization prescription, 
but those gauge dependencies don't appear in the counterterms of the pole mass renormalization 
prescription. Maybe this conclusion is not enough to judge which renormalization prescription is 
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reasonable. So we will judge the reasonableness of the two renormalization prescriptions from the 
gauge independence of physical result. 

For example we calculate the gauge dependence of the two-loop-lcvel cross section of the physical 
process n v^e^Ve under the two mass renormalization prescriptions. Note that wc only calculate 
the gauge dependence of the part containing the Heaviside functions ^[1 — ^w]^ ~ V^w ~ 1] 

and OW/cvj — 2-v/CvkJ of the cross section of the physical process. This will not affect our conclusion. 
Under this consideration only the diagrams containing the two-loop-level counterterms 5sw and 
5m^ as shown in Fig. 14 need to be calculated. This is because: 1) all of the one- loop-level physical 




FIG. 14: Diagrams of /U — > f^e Ug containing the two-loop-level counterterms Ss^ and Srri^ 



parameter's counterterms and the two-loop-level counterterms of the lepton masses and electron 
charge don't contain the Heaviside functions ^[1 — ^^], 9[l/cw — — 1] and 0[l/c^ — 2-v/|ty]; 2) 
the energy of the incoming particle of this process is order of muon energy which doesn't reach the 
threshold of the singularities containing the Heaviside functions 9[1 — ^w\^ ^[V^w ~ Vlw" — 1] and 
9\l/cyj — 2-v/^vrJ) thus all of loop momentum integrals of the Feynman diagrams don't contribute to 
these Heaviside functions. We can easily get the contribution of Fig. 14 to the physical amplitude 
jJL f^e^Pe 

47r a (mem^Fi — 771^^2) 2TTa5m'yy 



M{fi^ V^e Ue) -> — 2 2 + 



X [mem^(2m^ -m^- 2q2 ■ q3)Fi - m^rF2\ , (27) 

where rUe and is the mass of electron and muon, 92 and 93 are the momentums of electron and 
the anti electron neutrino, and 

^1 = u{qi)^Ru{p) u{q2)jLi^{q3) , F2 = u{qi)j^^Lu{p) u{q2hi^7Li'{q3) , (28) 



26 



where p and qi are the momentums of muon and muon neutrino, and ^-nd 7/j are the left- and 
right- handed hehcity operators. The contribution of Eq.(27) to the two-loop-level cross section of 
s 



IGTT^q^gi • q2iml - + 2qi ■ 92) ^ 2<5g^ 

~^ 4 4 V I 2 f • V^^-' 

In Eq.(29) we have averaged the result over the incoming fermion's helicity states and summed 
up the results for the different outgoing fermions' helicity states. On the other hand we only keep 
the lowest order of the quantities m1/m'^r, m^/m^ and so on in Eq.(29), since the energies of the 
external-line particles are very small compared with m'^r. 

From Eqs. (11,25) and Eq.(29) we obtain the gauge dependence of the part containing the 
Heaviside functions 9[1 — ^w], 0[l/cw — VCw — 1] and 6[l/cw — 2^/^w\ of the two- loop-level cross 
section of ^ v^e^Ve under the on-shell mass renormalization prescription 

■K'^a^qi ■ q2{ml -mf^ + 2qi ■ ^2) 



WSm^clsl 
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+ 3 ^ ^Jl-Aclxi{l6xici + {8-24xi)ci + {7x^-12)cl + 5) 



+ 5Z V ^ " ^ (6^^* ^» + " 803;i)ct + {7xi - AO)cl + 17) 



+ J2 \/l-'^clxi{lGx^ci + 8il-Xi)ci-{nx, + A)cl + 5) 

i=d,s,b 

X [2DEe[—-^-l]-^{l-4cl - 2V^] ] 



ir'^a^qi ■ q2{jnl -ml + 2qi ■ 52) 
36mw s 



[3 E E \Vij\^AjBi,+ J2 {l-Xif{2 + x^)]9[l-Cw]. (30) 

i=u,c j=d,s,b i=e,^,T 



Eq.(30) implies the on-shell mass renormalization prescription makes the cross section of the phys- 
ical process // — > v^e~i>e gauge dependent. So the on-shell mass renormalization prescription is 
a wrong mass renormalization prescription beyond one-loop level. The quantitative order of this 
gauge dependence can be seen in Fig. 15. In Fig. 15 the following data have been used: e = 0.3028, 
si = 0.2312, mw = 80.42Get;, m„ = ZMev, = l.2bGev, mt = l7A.3Gev, ma = 6Mev, 
rus = 120Mev, rrib = 4:.2Gev, = 0.5110Me?;, = 105.7Met;, = 1.777Gew, \Vud\ = 0.975, 
\Vus\ = 0.223, iKbl = 0.004, \Vcd\ = 0.222, \Vcs\ = 0.974, \Vcb\ = 0.040, \Vtd\ = 0.009, \Vts\ = 0.039, 
and \Vtb\ = 0.999 |l3]. Obviously the gauge dependence of cj(/i — > v^e^Ve) induced by the on-shell 
mass renormalization prescription cannot be neglected at the two-loop level. On the other hand, 
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FIG. 15: Gauge dependence of the two-loop-level cross section of ^ ^ v^e~Ve under the on-shell mass 
renormalization prescription, where qi ■ q2 = q2 ■ = — mg/2 and ao{n i^ne~i'e) is the tree-level 

cross section. 

from Eqs. (13,26) and Eq.(29) we find such gauge dependence doesn't appear in the result of the 
pole mass renormalization prescription. 

IV. CONCLUSION 

Through calculating the singularities of W and Z's two-loop-lcvcl transverse self energy we find 
the counterterms of W and Z's mass and the sine of the weak mixing angle are gauge dependent 
under the on-shell mass renormalization prescription. The gauge dependencies of these countert- 
erms lead to the cross section of — f^e~Pe gauge dependent at two- loop level. So the on-shell 
mass renormalization prescription is a wrong mass renormalization prescription beyond one-loop 
level. 

On the other hand, all of the above gauge dependencies don't appear in the results of the 
pole mass renormalization prescription. So the pole mass renormalization prescription is the only 
reasonable candidate for the mass renormalization prescription at present. We should use the pole 
mass renormalization prescription rather than the on-shell mass renormalization prescription to 
calculate physical results beyond one-loop level. 
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We discuss the gauge dependence of physical parameter's definitions under the on-shell 
and pole mass renormalization prescriptions. By two-loop-level calculations we prove for the 
first time that the on-shcU mass renormalization prescription makes physical result gauge 
dependent. On the other hand, such gauge dependence doesn't appear in the result of the 
pole mass renormalization prescription. Our calculation also implies the difference of the 
physical results between the two mass renormalization prescriptions cannot be neglected at 
two-loop level. 

PACS numbers: ll.lO.Gh, 12.15.Lk 

I. INTRODUCTION 

The conventional on-shell mass renormalization prescription has been present for a long time. 
It renormalizes the real part of particle's inverse propagator to zero at physical mass point. For 
boson the on-shell mass renormalization condition is 



0. 



(1) 



where mo is the bare mass and S is the boson's diagonal self energy (for vector boson it is the trans- 
verse diagonal self energy). But recently people proposed a new mass renormalization prescription 
which renormahzes both the real and the imaginary parts of the particle's inverse propagator to 
zero at the (complex) pole of the particle's propagator, i.e. [s, 4| 



s — rriQ + S(s) = . 



(2) 



where s is the pole of the particle's propagator. Written s = — im2^2, defined as the 

physical mass of the particle Q]. Putting the expression of s into Eq.(2) one has [S, i4] 

1712 — itiq + Re E(s) = , m2 T2 = Im E(s) . 

By expanding Eqs.(3) at s = one readily has (see Eq.(l)) [3, 4| 



(3) 



m-m2 = T2lmT.'{m^)/2 + 0{g^) 



(4) 



2 



where S'(m2) = 9S(m2)/5p^ and g is a generic coupling constant. For unstable boson the r.h.s. 
of Eq.(4) is gauge dependent P, 4]. So A. Sirlin et al. claim that the on-shell mass definition m 
of unstable particles is gauge dependent, since the pole mass definition m2 is gauge independent 

mm. 

But the conclusion that the pole mass definition m2 is gauge independent has been proposed 
for not very long time. We still need to search new and stricter proofs to prove this conclusion. 
In this paper we will discuss if the pole mass definition is gauge independent and investigate 
the difference of physical result between the on-shell and pole mass renormalization prescriptions. 
The arrangement of this paper is as follows: firstly we discuss the gauge dependencies of the 
counterterms of gauge boson W and Z's mass and the sine of the weak mixing angle under the 
on-shell and pole mass renormalization prescriptions; then we discuss the gauge dependence of the 
two-loop-level cross section of the physical process /x — > Ufj_e~i>e under the two mass renormalization 
prescriptions; Lastly we give the conclusion. 

II. GAUGE DEPENDENCIES OF PHYSICAL PARAMETER'S COUNTERTERMS 
UNDER THE ON-SHELL AND POLE MASS RENORMALIZATION PRESCRIPTIONS 

The gauge invariance of Lagrangian always requires the bare physical parameters are gauge 
independent. The natural deduction of this conclusion is the counterterms of physical parameters 
should also be gauge independent [t], since the bare physical parameter can be divided into physical 
parameter and the corresponding counterterm, and the physical parameter is of course gauge 
independent. This criterion could be used to judge which mass renormalization prescription is 
reasonable, in other words which mass definition is gauge independent. In the following we will 
discuss the gauge dependence of the counterterms of gauge boson W and Z's mass and the sine 
of the weak mixing angle under the on-shell and pole mass renormalization prescriptions. For 
convenience we only discuss the dependence of W gauge parameter in the gauge, and we 
only introduce physical parameter's counterterms (i.e. we don't introduce field renormalization 
constants). The computer program packages FeynArts and FeynCalc [8l] have been used in the 
following calculations. Here we note there are some early two-loop-level calculations about the 
massive gauge boson's self energies in Ref.Q]. 

From Eqs.(l,3) one has for massive gauge boson [lo| 

6ml = ReTFijnl) + maFa Im S^'(m^) + 0{g^) , (5) 
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where S-^ denotes the transverse self energy of the gauge boson. The one-loop-level mass coun- 
terterms of W and Z have been proven gauge independent Q]. So we only need to discuss the 
two-loop-level case. Firstly m and m2 should be regarded as equal quantities, since both of them 
are regarded as the physical mass of the same particle. Therefore we find the two-loop-level 
difference of the two mass counterterm is mVImY?'' {m?). Every part of this term contains gauge- 
parameter-dependent Heaviside functions (which come from the one-loop- level ImT,'^' 4\). So in 
order to discuss the difference of the gauge dependence of the two mass counterterms we only need 
to calculate the gauge dependence of the singularities of the two-loop-level ReT?^{m?), because 
only the singularities of ReT,^ {m"^) in ReT/^{m?) contain Heaviside functions. In other words for 
our purpose we only need to discuss the gauge dependence of the part which contains Heaviside 
functions of the two mass counterterms. 

The two-loop-level self energies of gauge bosons can be classified into two kinds: one kind 
contains one-loop-level counterterms, the other kind doesn't contain any counterterm. Since except 

n 

for CKM matrix elements pj] all of the one-loop4evel counterterms of physical parameters are real 
numbers and don't contain Heaviside function [2], the first kind self energy doesn't contribute to 
the singularities of the real part of the gauge boson's self energy, because except the one-loop-level 
counterterm the left part of this kind self energy is an one-loop-level self energy which real part 
doesn't contain singularities. Here we don't need to worry about the problem that the CKM matrix 
elements and their counterterms are complex numbers, because the total contribution of them to 
the real part of the gauge boson's self energy is real number (the correctness of this conclusion can 
be see in the following calculations). So we only need to calculate the contributions of the second 
kind self energy. 

According to the cutting rules jl2] the second kind self energy of gauge bosons can be classified 
into three kinds: one kind doesn't contain singularity, the second kind contains singularities, but 
its singularities don't contribute to the real part of the gauge boson's self energy, the third kind 
contains singularities and its singularities contribute to the real part of the gauge boson's self 
energy. The topologies of the three kind self energies are shown in Fig.l, Fig. 2 and Fig. 3. Here 
we note the middle propagator (denoted by broken line) in the one-particle-reducible diagrams of 
Fig. (1-3) is different from the external-line particles. The tadpole diagrams are also included in 
Fig. (1-3), because we don't introduce the tadpole counterterm [6|. 

Obviously we only need to calculate the contribution of the singularities of Fig. 3 to the real 
part of the gauge boson's self energy. In Fig. 3 we also draw the possible cuts/singularities of the 
first four topologies which contribute to the real part of the gauge boson's self energy (the arrow 
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FIG. 1: Topologies of the two- loop-level self energy which lacks counterterm and singularity. 



on the inner line denotes the corresponding propagator is cut [l^])- The possible cuts of the left 
two topologies which contribute to the real part of the gauge boson's self energy are shown in Fig. 4 
and Fig. 5. 



A. Gauge dependence of W mass counterterm under the two mass renormalization 

prescriptions 



In the standard model of particle physics the first topology of Fig. 3 doesn't contribute to W 
transverse self energy, so we don't need to calculate its contribution. For the second topology 
of Fig. 3 there are 39 Feynman diagrams in the standard model, but none of them satisfies the 
corresponding cutting condition. The case of the third topology of Fig. 3 is same as the case of the 
second topology. For the 4th topology of Fig. 3 there are two W self energy diagrams as shown 
in Fig. 6 which satisfy the corresponding cutting condition. Using the cutting rules we obtain the 
gauge-parameter-dependent contribution of the cuts of Fig. 6 to the real part of W transverse self 










o 







FIG. 2: Topologies of the two-loop- level self energy which lacks counterterm and its singularities don't 
contribute to the real part of the self energy. 
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FIG. 3: Topologies of the two- loop- level self energy which lacks counterterm and its singularities contribute 
to the real part of the self energy. 




FIG. 4: Possible cuts of the 5th topology of Fig. 3 which contribute to the real part of the self energy. 
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FIG. 5: Possible cuts of the 6th topology of Fig. 3 which contribute to the real part of the self energy. 
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FIG. 6: W self energy diagrams which satisfy the 4th topology of Fig. 3 and the corresponding cutting 
condition. 



energy: 



2^2 



am 



-cut 



W , 



{l-^w fi^w-^^tv- e^vK - 46^^/ + leS^ty + 465) ^[1 - ^w] , (6) 



4608 



where ^ transverse self energy, mw and is W's mass and gauge parameter, a is the fine 

structm'e constant, 9 is the Heaviside function, and the subscript ^.wcut denotes the ^vK-dependent 
contribution from the cuts/singularities. In the follows we restrict ourselves to > ^|. 

For the 5th topology of Fig. 3 there are 14 W's self energy diagrams as shown in Fig. 7 which 
are ^vF"dependent and satisfy the cutting conditions of Fig. 4. After careful calculations we obtain 
the gauge-parameter-dependent contribution of the cuts of Fig. 7 to the real part of W transverse 
self energy: 

(y^ Txx^ r 1 

ReY^^(m%^\^_cut = ^^^^ [ —i'^-Xi){xi-^wf{x'^ + Xi-2)0[mi-y^mw] 

^ i=e,fj.,T * 



+ 3 ^ Y —Wij^iiw - Xi + Xj)Aij Bij dj 9[mi - ruj - \/Cwmw] 



i=u,cj=d,s^b 
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FIG. 7: ^vi^-dependent W self energy diagrams which satisfy the 5th topology of Fig. 3 and the cutting 
conditions of Fig. 4. 



+ 3 ^ ^ —\Vij\'^{S,w - Xj + Xi)Aij Bij dj 0[mj - rm - \/^mw] 



i=u,c j=d,s,b "^^ 

+ ^slil-CwfYl E \yijW^w{xi + xj)-{xi-Xjf)Cij 

i=u,c j=d,s,b 

X 0[\/^mw — rrii — mj]9[l - S,w] 



(7) 



where Sw is the sine of the weak mixing angle, Xi = mf/m'yy, Xj = m3/m^r, Vij is the CKM matrix 



element 



and 



Aij = \J{xi- - 2{xi + Xj) + 1 

-^ij — 2 ~l~ (•^'i '^j) ' 



Cij = J{xi-Xjy -2^w{xi + Xj)+^^. 



(8) 



For the 6th topology of Fig. 3 there are 53 W self energy diagrams as shown in Fig. 8 which are 
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^Vl'-dcpcndcnt and satisfy the cutting conditions of Fig. 5. We will calculate the contributions of 
the five cuts of Fig. 5 one by one. Firstly we obtain the gauge-parameter-dependent contribution 
of the first cut of Fig.5 to the real part of W transverse self energy: 



2 2 

i=u,cj=d,s,b i=e,fM,T 

X (1 - Mifw - ^Cw - n)9[l - Cw] - - Cwf 

X (eF^-3e^-6e|^-46^^ + 165^v^ + 465)e[l-Cvy]. (9) 

Then we obtain the gaugc-parametcr-dcpendent contributions of the second and third cuts of Fig.5 
to the real part of W transverse self energy: 

v2^2 



CX TTh r 1 / 

R(i^ww{^w)\(.w-cut = - 256g4' [ E —{'^-Xi){xi-iwf{xi + Xi-2)e[mi-\/^mw] 



i=e,iJ,,T 

+ -^^ii^-^wf E ^iixi-^wfO[V^rnw-mi]e[l-^w] 
+ 3^ —\Vij\^{^w-x^ + Xj)AijBijC^je[m^-mj-^/^mw] 



I L Xi 
i=u,cj=d,s,b 



+ 3 ^ E fi^w - Xj + Xi)Aij Bij Cij e[mj -rrii- \/^mw] 



i=u^c j=d,s^b 



+ ^4(1 - iwf E E Wij^i^wixi + Xj) - {xi - Xj f) Cij 

i=u,c j=d,s,b 



X Q\\f^wmw — mi — m^] ^[1 — ^vv] • (10) 

Lastly we find the gauge-parameter-dependent contributions of the 4th and 5th cuts of Fig.5 to the 
real part of W transverse self energy are same as those of the second and the third cuts of Fig.5 
(this point can be seen from the symmetries of the four cuts). 

Summing up all of the above results we obtain the gauge dependence of the singularities of 
the real part of W two-loop-level transverse self energy (see Eqs.(6,7,9,10) and the corresponding 
discussions) 

2 2 

i?eS^^(m^)|^^_e„t = -|^[3E E \M^^r3^r3'r E (1 " ^^)' (2 + X,)^ 

i=u,cj=d,s,b i=e,iJt,T 

X {i-^wM^-2^w-n)e[i-Cw]. (11) 

From Eq.(5) one finds Eq.(ll) is just the gauge dependence of the part containing Heaviside 
functions of W mass counterterm under the on-shell mass renormalization prescription. So Eq.(ll) 
proves the W mass counterterm of on-shell mass renormalization prescription is gauge dependent. 
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FIG. 8: ^vr-dependent W self energy diagrams which satisiy the 6th topology of Fig. 3 and the cutting 
conditions of Fig. 5. 
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In order to discuss the gauge dependence of W mass counterterm of the pole mass renormal- 
ization prescription we calculate the term (see Eq.(5)) 

2 2 

^ i=u,cj=d,s,b i=e,iJt,T 

X {l-^wMw-^^w-n)0[l-^w]- (12) 
Combining Eq.(ll) and Eq.(12) one gets (see Eq.(5)) 

^'fTT-wliw -cut = under pole mass renormalization prescription. (13) 

This result indicates the part containing Heaviside functions of W mass counterterm of the pole 
mass renormalization prescription is gauge independent. 

B. Gauge dependence of Z mass counterterm under the two mass renormalization 

prescriptions 

Similarly as the case of W gauge boson We only calculate the gauge dependence of the part 
containing Heaviside function of the real part of Z two-loop-level transverse self energy. The 
topologies of Z two-loop-level self energy needing calculated have been shown in Fig. 3. 

For the first topology of Fig.3 only the diagram whose middle propagator (denoted by the broken 
line) is photon contributes to Z transverse self energy. After careful calculation we obtain the 
dependent contribution of the cut of the first topology of Fig.3 to the real part of Z transverse self 
energy 

Re'ElzimDl^^-cut 

= ^^§^(l-4cU^)^/^[|-(l-4cUv^)^/^ + 8(3(4c^-3) ^ +2(8c^ - 5) ^ 

WW w i=e,fi,T i=u,c 

i=d,s,b i^^OC^ 

'^'-DE-^il-4clM'/'-4i3{icl-3) ^ +2(8c^ - 5) ^ +(4c^ - 1) ^) 



c2 

^ i=e,ix,T i=u,c i=d,s,b 

^l-Aclxi {2clxi + l)\e[—-s/^-l], (14) 



where mz is Z mass, is the cosine of the weak mixing angle, and 



D = ^{^w - Ifci - 2{iw + 1)4 + 1 , 

E = {^w- 1)'4 - 2(Ch^ - 5)4 + 1 . (15) 
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For the second topology of Fig. 3 there are four Z self-energy diagrams as shown in Fig. 9 which 
satisfy the corresponding cutting condition. By the cutting rules we obtain the ^vF-dependent 




W W G G 

FIG. 9: Z self-energy diagrams which satisfy the second topology of Fig. 3 and the corresponding cutting 
condition. 



contribution of the cuts of Fig.9 to the real part of Z transverse self energy : 



i^w - l)D[{^w - Ifi^w -(w- ^^w - 33)c: 



1536 4 

i^w - - ^^w - 29^H^ + lOl^H^ + 366)4 



+ (3^^ - 10^^ - 22^^ + I70^w - 93)4 - 
+ + 5^1^ - 18]e[— - - 1] . 



(16) 



For the third topology of Fig. 3 there are also four Z self-energy diagrams as shown in Fig. 10 
which satisfy the corresponding cutting condition. Obviously Fig.9 and Fig. 10 are right-and-left 



w w 




FIG. 10: Z self-energy diagrams which satisfy the third topology of Fig. 3 and the corresponding cutting 
condition. 



symmetric. Through calculations we find the ^vF-dependent contribution of the cuts of Fig. 10 to 
the real part of Z transverse self energy is just equal to that of Fig.9. 

For the 4th topology of Fig.3 there are six Z self-energy diagrams as shown in Fig. 11 which 
satisfy the corresponding cutting rules. After careful calculations we obtain the ^vK-dependent 
contribution of the cuts of Fig. 11 to the real part of Z transverse self energy: 

Re^lziml)kw-cut = "'"f. (1-44 Cw)H2ci - 44 + 24 - 3) - 2 y^] 

4iDUO Cyj Syj Cyj 

+ ^^J^w - Ifci' - Q{iw - Ifiil. + IHw + 22)4^ 
+ 2{iw - 1)'(12^^ + 65^^ + IQiw + 201)4° 




W G 



W G 



W G 




FIG. 11: Z self-energy diagrams which satisfy the 4th topology of Fig. 3 and the corresponding cutting 
condition. 

- 2(45^^ + 46^^ - 228^^ - 150^^^ + 415)4 



+ 3(40^^ - 19^2^ - 98^1^ + 109)4 - 6(15^^ - 17^1^ - 12)c; 



+ mw - 35)4 - 6] 0[— - ^ - 1] 



2^2 



am 



1152 4 



^ dJi-AcICw 



X [4i^w - ly^w 4" - (4^ + ^w- ^8^w + 1)4 

+ 3(4^3^ + 19^^ - 32^^^ - 3)4 - 3(9^^ - 10^^ - 8)0, 



+ (18^^ - 11)4 - 3] 0[— - - 1] 



(17) 



For the 5th topology of Fig.3 there are 84 Z self-energy diagrams as shown in Fig. 12 which 
satisfy the cutting conditions of Fig.4. After careful calculations we obtain the ^vK-dependent 
contribution of the cuts of Fig. 12 to the real part of Z transverse self energy: 



—cut 



2^2 



am 



w 



192 4 



DE[ (1 - Xif{2 + Xi) + ^Y. E Bij] - - 1] 

i=u,c j=d,s,b 



i=e,iJ,,T 



2^2 



+ 



+ 



am 



W 



64 4^vi^ 
3 a^m^ 



(1-44^1^)3/2 ^ x.{^^.-^^fe[—-2^]e[^mw-mi] 



fi/l .4 c-i (1 - iwf' E E l^iil' ^^w{xi + Xj) - {Xi - Xjf) 
"^^"'W i=u,cj=d,s,b 



X e[ 2V6v^] QW^rnw -mi- mj] - -— ^ 

Cm 04 C^,, S., 



2^2 
W 



(2c^-l) Yl ^^1-^clxi 

_ _ _ Xi 



=e,n,T 



X {xi - ^vy)^(24 - 1 + 4(44 - ^)xi) 0[mi - VCwmw] 



+ 



G?m^ 



192 



^(4c2^-l)^ Y hVij? Ci3 \/l - 44 {iw -Xi + xj) 



i=u,cj=d,s,b 



V; V; 




G G G G 
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Uj Uj V; V; 




w w w w 



G G G G 




W W W W 



G G J J 




W W W W 




W W G G 



FIG. 12: Z self-energy diagrams which satisfy the 5th topology of Fig. 3 and the cutting conditions of Fig. 4. 
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(4c4 - 1 + c^(8c^ - ll)xj) 9[mi - mj - \J iw^w] 



X (24 + l + 4(4c^-7)xj)6l[mj-mi- Vlw"mvy]- (18) 



For the 6th topology of Fig.3 there are 124 Z self-energy diagrams as shown in Fig. 13 which are 
dependent and satisfy the cutting conditions of Fig.5. We will calculate the contributions of 

the five cuts of Fig.5 one by one. Firstly we obtain the ^pi/-dependent contribution of the first cut 

of Fig.5 to the real part of Z transverse self energy: 

Cy] 



il-Acl^wf'^[^ + { E 24 -1 + 4(44 -5)= 



576 4 8% ^^^^^^^ 
+ E - 1 + c^(84 - + E 24 + 1 + 4(4c^ - 7)xi) 

i=u,c i=d,s,b 



1 „ a^m? 



1 - 44 ] 0[- - 2v/6^] + "7 ^ D ^1 - 44 

X [4(Cvy - l)'eH^4° + (4^^^ - ^7^w + 46ew^ - 1)4 



+ (4^^ + 55^^ - 20^1^ - 11)4 - i^^w + 42^w^ - 6)4 

+ (6^H^ + 7)c^-l]0[— -76^-1] 

cw 

+ " + ^^^^ " ^^'^^^ + ^^^^ + 



- 3(^u^ - 1)^(4?^ + 85?^ + 58^w + 141)4 
+ 6(5^^^^ + 7A^ly - 144^^ - 50^w - 13)4 

- (40^3^ + 411^2^ - 798^w^ - 581)4 + 6(5^^ + 31^^^ - 42)c;* 



w 



- 3i4^w + n)cl + 2]9[^-V^-l] + ^I^DE 

Ly) Z,00 C.^^j by, 

X [3 + ( E (24 - 1 + 4(44 - + E (^4 - 1 + 4(84 - 

i=e,ix,T i=u,c 

+ E (24 + 1 + 4(4c^ - 7)xi))^l - 4 4 ] e[— - - 1] . (19) 

i=d,s,b ^ 

Then we obtain the ^vi/-dcpendent contribution of the second and third cuts of Fig.5 to the real 
part of Z transverse self energy: 

ReT,lz{m%)\^^-cut 



D E[ E (1 - ^o'(2 + xi) + 3 E E i^iji^^ij Bij] ^[— - ^ - 1] 



w w i=e,iJ,,T i=u,cj=d,s,b 
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Mi 
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W. 



W 



Z V 



H 



G G 





G^--^«- 



G^^V-^„_ 




.W 



20 





21 




22 






FIG. 13: ^ly-dependent Z self-energy diagrams which satisfy the 6th topology of Fig. 3 and the cutting 
conditions of Fig. 5. 



2^2 



am 



W 



i(w - l)D[{^w - Ifi^w -(w- ^^w - 33)c; 



1536 cl 



i^w - imtv - ^^w - 29^H^ + Wl^w + 366)c: 



+ (3^^ - lO^tv - 22^^ + nO^w - 93)c4 - ^tv + '^^w + ^^w - 18] - V^w - 1] 



2^2 



am 



w 



128 44^ 

3a^m^ 



i=e,/i,T 



128 4 Ch^ 



i=u,cj=d,s,b 



v2^2 



IZO Cyj Syj 



(2c'h^ - 1) 



E — '\/l - 44 {xi - ^vk)^(24 - 1 + c^(4c^ - 5)xj) 6l[mi - VCw-'tivk] 

i=e,fj,,T * 

^^^5^(4c^-l) E E :^l^..-Pa,Vl-4c2a:,(eH^-x, + x,) 



i=M,c j=d,s,b 

„2 1 I „2 2 



X (4c^ - 1 + c^{8c.^^, - ll)x,) 9[mi - mj - vCwmw] 



2^2 



am 



w 



384 c4 4 



(2c^ + l)E E ^\Vij\'Cij^l-Aclxj{^w-xj + 



Xi 



i=u,c j=d,s,b ^ 



X (2c^ + 1 + c^(4c^ - 7)xj) 6[mj - mi - V^^ymiy] . 



(20) 



Prom Fig.5 one readily sees the 4th and 5th cuts are right-and-left symmetric with the second and 
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third cuts. After careful calculations we also find the ^ly-dcpcndcnt contribution of the 4th and 
5th cuts of Fig. 5 to the real part of Z transverse self energy is equal to that of the second and third 
cuts of Fig.5. 

Summing up all of the above results we obtain the gauge dependence of the part containing 
Heaviside functions of the real part of Z two- loop-level transverse self energy (see Eqs. (14-20) and 
the corresponding discussions) 

i2eS|^(m|)|5^_c„t 

2^2 



am 



w 



1728 c6 4 



9 + 3 ^ ^/l^^A4^i{16xicl + {8-2Axi)ci + {7xi-12)cl + 5) 



i=e,iJ,,T 



+ ^ ^1 - 4 4 {64xi cl + (32 - 80xi)ci + {7xi - 40)4 + 17) 

i=u,c 

+ Yl \/l - 4 4 (16xi ci + 8(1 - Xi)ct, - {17xi + 4)4 + 5) 



=d,s,b 



[2DEe[—-V^-l]-^il-4cl ^wf^0[— - 2^^] ] . 

Ciy Sy, Cyj 



(21) 



This result proves that the part containing Heaviside functions of Z mass counterterm is gauge 
dependent under the on-shell mass renormalization prescription, i.e. the Z mass counterterm is 

gauge dependent under the on-shell mass renormalization prescription. 

In order to calculate the gauge dependence of Z mass definition of the pole mass renormalization 
prescription we need to calculate the following term (see Eq.(5)): 

mzTz ImT.z'z{'m%)\^w-cut 

2^2 



am 



w 



1728 44 



9 + 3 J2 y^-'^clxi (IQxi 4 + (8 - 24xi)ci + {7xi - 12)4 + 5) 



t=e,fi,T 



+ ^ ^1 - 4 4 {Mxi 4 + (32 - 80xi)ci + {7xi - 40)4 + 17) 



+ J2 Vl-44a;i(16xi4 + 8(l-Xi)4-(17xi + 4)4 + 5) 



=d,s,b 



-^(1-44 ^wf^0[— - 2^^] -2DE9[—-./^-l]]. 



(22) 



Prom Eq.(5) and Eqs. (21, 22) we get the gauge dependence of the part containing Heaviside func- 
tions of Z mass counterterm under the pole mass renormalization prescription: 



Sm 



z\(,w —cut 







under pole mass renormalization prescription . 



(23) 
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C. Gauge dependence of the counterterm of the sine of the weak mixing angle under the 

two mass renormalization prescriptions 

From the two-loop- level W and Z's mass counterterms we can calculate the two- loop-level coun- 
terterm of the sine of the weak mixing angle. To two-loop level one has Q] 

dsm = _ ^) + ^(^4i<l _ - - + 0(,6) . (24) 

2s^ m| 2s^ m^z^w 

The one-loop-level W and Z's mass counterterms have been proven gauge independent ^j. So 

we only need to calculate the gauge dependence of the first term of the r.h.s. of Eq.(24). From 

Eqs.( 11,21) we obtain the gauge dependence of the part containing Heaviside functions of the 

two-loop-level 6sw under the on-shell mass renormalization prescription 

OS 



3456 c2, si 



+ 3 VI - 4 d a;, (16^;, + (8 - 24x,)ct + {Ixi - 12)c^ + 5) 



i=e,fi,T 



+ ^ ^1 - 4 4 (64x, ci + (32 - 80xi)ci + (Jxi - 40)c^ + 17) 



+ J2 Vl-44 xi(16xict + 8(l-x,)ct- (17x, + 4)c^ + 5) 

i=d,s,b 

X [2DEe[—-^-l]-^{l-4cl M^'^^Oi— - 2^6^] ] 

C«) S^ 

+ I^I^E E m'A,B,,+ Y: {l-x.f{2 + x.)_ 

^ i=u,c j=d,s,b i=e,fi,T 

X {1 — £^^r){^^^r — 2S^w — II) 0[1 — S^w] under on— shell prescription . (25) 



Eq.(25) implies 6sw is gauge dependent under the on-shell mass renormalization prescription. On 
the other hand, from Eqs. (13,23) we obtain the gauge dependence of the part containing Heaviside 
functions of the two-loop- level ds^ under the pole mass renormalization prescription 

6sw\^^f-cut = under pole prescription. (26) 

III. GAUGE DEPENDENCE OF PHYSICAL RESULT UNDER THE ON-SHELL AND 
POLE MASS RENORMALIZATION PRESCRIPTIONS 

From the results of section II we have found the counterterms of W and Z's mass and the sine of 
the weak mixing angle are gauge dependent under the on-shell mass renormalization prescription, 
but those gauge dependencies don't appear in the counterterms of the pole mass renormalization 
prescription. Maybe this conclusion is not enough to judge which renormalization prescription is 
reasonable, since in some cases the physical parameter's counterterm is gauge dependent. So we 
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should judge the reasonableness of the renormalization prescriptions from the gauge independence 
of physical result. 

For example we calculate the gauge dependence of the two-loop-level cross section of the physical 
process /x — i^^e^Pg under the two mass renormalization prescriptions. Note that we only calculate 
the gauge dependence of the part containing the Heaviside functions 9[1 — ^w], ^[^/cw — "v/lw" — 1] 
and 6[l/cw — 2-v/CvkJ of the cross section of the physical process. This will not affect our conclusion. 
Under this consideration only the diagrams containing the two-loop-level counterterms Ssyj and 
druy^^ as shown in Fig. 14 need to be calculated. This is because: 1) all of the one- loop-level physical 




FIG. 14: Diagrams of /x — > u^e Vg containing the two-loop-level counterterms Ssw and 



parameter's counterterms and the two-loop-level counterterms of the lepton masses and electron 
charge don't contain the Heaviside functions ^[1 — ^w], ^[V^w ~ — 1] and 9[l/c.w — 2) 
the energy of the incoming particle of this process is order of muon energy which doesn't reach the 
threshold of the singularities containing the Heaviside functions 0[1 — ^w], 0[l/cw — — 1] and 
6[l/cw~ 2^/^^/], thus all of loop momentum integrals of the Feynman diagrams don't contribute to 
these Heaviside functions. We can easily get the contribution of Fig. 14 to the physical amplitude 



ml^sliml, -ml- 2q, • q,) ^-^^ m^^sHml, -ml- Iq^ ■ q^f 
X [memfj_{2my^ - ml - 2q2 ■ qz)Fi - m%^F2] , (27) 

where me and m^ is the mass of electron and muon, q2 and qs are the momentums of electron and 
the anti electron neutrino, and 



^1 = u{qi)-iRu{p)u{q2)-iLi'{qz) , F2 = u{qi)-f^'jLu{p) u{q2)jnJLi^{q3) , (28) 
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where p and qi are the momentums of muon and muon neutrino, and 'Jl and 7/j are the left- and 
right- handed hehcity operators. The contribution of Eq.(27) to the two-loop-level cross section of 



|2 



167r^a^gi • g2(m^ - + 291 • g2) ^ 2fe^ ^ Sm^ ^ 

In Eq.(29) we have averaged the result over the incoming fermion's helicity states and summed 

up the results for the different outgoing fermions' helicity states. On the other hand we only keep 

the lowest order of the quantities rrig/m^, m^/m^ and so on in Eq.(29), since the energies of the 

external-line particles are very small compared with m^. 

From Eqs. (11,25) and Eq.(29) we obtain the gauge dependence of the part containing the 

Heaviside functions 9[1 — ^w]^ d[^/cw — VCw — 1] and ^[1/c^ — 2^/^^^r\ of the two-loop-level cross 

section of — > v^e~i'e under the on-shell mass renormalization prescription 

_ _ 'K'^a^qi ■ q2{ml -ml + 2qi ■ 52) r 

108m^ 4 s» L 



+ 51 V ^ " ^ + " 802;i)ct + {7xi - 40)4 + 17) 



+ Jl-^clxi{16x^ci + 8{l-Xi)ci-{17x^ + A)cl + 5) 



i=d,s,b 



[2DEe[- -^-1]- ^(1 _44e^)3/2^[J- - 2v/|^]: 



X L— ^^L vs.. 2 

Cw S'u) '^w 

T^'^a^qi- q2{mi-m'i + 2qi- q2) , n ,,9 
X [3 E E \yij\''A,jBij+ ^ (i-x,)='(2 + x,)] ^[l-^iy]. (30) 

i=u,c j=d,s,b i=e,fi,T 

Eq.(30) implies the on-shell mass renormalization prescription makes the cross section of the phys- 
ical process fi — > v^e~i>(. gauge dependent. So the on-shell mass renormalization prescription is 
a wrong mass renormalization prescription beyond one-loop level. The quantitative order of this 
gauge dependence can be seen in Fig. 15. In Fig. 15 the following data have been used: e = 0.3028, 
si = 0.2312, mw = mA2Gev, m„ = ZMev, nic = l.2bGev, mt = nA.SGev, = 6Mev, 
rus = UOMev, rub = 4.2Gew, rUe = 0.5110Mew, = Wb.YMev, rrir = l.777Gev, \Vud\ = 0.975, 
\Vus\ = 0.223, iKbl = 0.004, \Vcd\ = 0.222, \Vcs\ = 0.974, \V,b\ = 0.040, \Vtd\ = 0.009, \Vts\ = 0.039, 
and \Vtb\ = 0.999 [13]. Obviously the gauge dependence of (t(;U — > v^e~i>e) induced by the on-shell 
mass renormalization prescription can not be neglected at the two-loop level. On the other hand, 
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02 (^'^V^.e- Ve)g^_^„t 




FIG. 15: Gauge dependence of the two-loop-level cross section of — > f^e~i/e under the on-shell mass 
renormalization prescription, where qi ■ q2 = q2 ■ qs = m^/Q — and (To(/x — > u^e~r'e) is the tree-level 

cross section. 

from Eqs. (13,26) and Eq.(29) we find this gauge dependence doesn't appear in the result of the 
pole mass renormalization prescription. 

IV. CONCLUSION 

Through calculating the singularities of W and Z's two- loop-level transverse self energy we find 
the counterterms of W and Z's mass and the sine of the weak mixing angle are gauge dependent 
under the on-shell mass renormalization prescription. The gauge dependencies of these countert- 
erms lead to the cross section of n ^ v^j^e'Ve gauge dependent at two- loop level. So the on-shell 
mass renormalization prescription is a wrong mass renormalization prescription beyond one-loop 
level. 

On the other hand, all of the above gauge dependencies don't appear in the results of the 
pole mass renormalization prescription. So the pole mass renormalization prescription is the only 
reasonable candidate for the mass renormalization prescription at present. We should tisc the pole 
mass renormalization prescription rather than the on-shell mass renormalization prescription to 
calculate physical results beyond one-loop level. 
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